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We present a lattice QCD study of Npi scattering in the positive-parity nucleon channel, where
the puzzling Roper resonance N∗(1440) resides in experiment. The study is based on the PACS-CS
ensemble of gauge configurations with Nf = 2+1 Wilson-clover dynamical fermions, mpi ' 156 MeV
and L ' 2.9 fm. In addition to a number of qqq interpolating fields, we implement operators for
Npi in p-wave and Nσ in s-wave. In the center-of-momentum frame we find three eigenstates below
1.65 GeV. They are dominated by N(0), N(0)pi(0)pi(0) (mixed with N(0)σ(0)) and N(p)pi(−p)
with p ' 2pi/L, where momenta are given in parentheses. This is the first simulation where the
expected multi-hadron states are found in this channel. The experimental Npi phase-shift would
– in the approximation of purely elastic Npi scattering – imply an additional eigenstate near the
Roper mass mR ' 1.43 GeV for our lattice size. We do not observe any such additional eigenstate,
which indicates that Npi elastic scattering alone does not render a low-lying Roper. Coupling with
other channels, most notably with Npipi, seems to be important for generating the Roper resonance,
reinforcing the notion that this state could be a dynamically generated resonance. Our results are in
line with most of previous lattice studies based just on qqq interpolators, that did not find a Roper
eigenstate below 1.65 GeV. The study of the coupled-channel scattering including a three-particle
decay Npipi remains a challenge.
PACS numbers: 11.15.Ha, 12.38.Gc, 13.75.Gx, 12.38.-t
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I. INTRODUCTION
Pion-nucleon scattering in the JP = 1/2+ channel cap-
tures the information on the excitations of the nucleon
(N = p, n). The Npi scattering in p-wave is elastic only
below the inelastic threshold mN + 2mpi for Npipi. The
main feature in this channel at low energies is the so-
called Roper resonance with mR = (1.41 − 1.45) GeV
and ΓR = (0.25 − 0.45) GeV [1] that was first intro-
duced by L.D. Roper [2] to describe the experimental
Npi scattering. The resonance decays to Npi in p-wave
with a branching ratio Br ' 55− 75% and to Npipi with
Br ' 30 − 40% (including N(pipi)I=0s−wave, ∆pi and Nρ),
while isospin-breaking and electromagnetic decays lead
to a Br well below one percent.
Phenomenological approaches that considered the
N∗(1440) resonance as dominantly qqq state, for exam-
ple quark models [3–5], gave a mass that is too high
and a width that is too small in comparison to exper-
iment. This led to several suggestions on its nature
and a large number of phenomenological studies. One
possibility is a dynamically generated Roper resonance
where the coupled-channel scattering Npi/Nσ/∆pi de-
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scribes the Npi experimental scattering data without any
excited qqq core [6–9]. The scenarios with significant
qqqqq¯ Fock components [10, 11] and hybrids qqqG with
gluon-excitations [12, 13] were also explored. The excited
qqq core, where the interaction of quarks is supplemented
by the pion exchange, brings the mass closer to experi-
ment [14, 15]. A similar effect is found as a result of some
other mechanisms that accompany the qqq core, for ex-
ample a vibrating piσ contribution [16] or coupling to
all allowed channels [17]. These models are not directly
based on QCD, while the effective field theories contain
a large number of low-energy-constants that need to be
determined by other means. The rigorous Roy-Steiner
approach is based on phase shift data and dispersion re-
lations implementing unitarity, analyticity and crossing
symmetry; it leads to Npi scattering amplitudes at ener-
gies E ≤ 1.38 GeV that do not cover the whole region of
the Roper resonance [18]. The implications of the present
simulation on various scenarios are discussed in Section
IV.
All previous lattice QCD simulations, except for [19],
addressed excited states in this channel using three-quark
operators; this has conceptual issues for a strongly decay-
ing resonance where coupling to multi-hadron states is
essential. In principle multi-hadron eigenstates can also
arise from the qqq interpolators in a dynamical lattice
QCD simulation but in practical calculations the cou-
pling to qqq was too weak for an effect. Another assump-
tion of the simple operator approach is that the energy
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2of the first excited eigenstate is identified with the mass
of N∗(1440), which is a drastic approximation for a wide
resonance. The more rigorous Lu¨scher approach [20, 21]
assuming elastic scattering predicts an eigenstate in the
energy region within the resonance width (see Fig. 7).
The masses of the Roper obtained in the recent dynam-
ical lattice simulations [22–28] using the qqq approach
are summarized in [29]. Extrapolating these to physi-
cal quark masses, where mu/d ' mphysu/d , the Roper mass
was found above 1.65 GeV by all dynamical studies ex-
cept [22], so most of the studies disfavour a low-lying
Roper qqq core. The only dynamical study that observes
a mass around 1.4 GeV was done by the χQCD collabo-
ration [22]; it was based on the fermions with good chiral
properties (domain-wall sea quarks and overlap valence
quarks) and employed a Sequential Empirical Bayesian
(SEB) method to extract eigenenergies from a single cor-
relator. It is not yet finally settled [22, 29–31] whether
the discrepancy of [22] with other results is related to the
chiral properties of quarks, use of SEB or poor variety of
interpolator spatial-widths in some studies1. Linear com-
binations of operators with different spatial widths allow
to form the radially-excited eigenstate with a node in the
radial wave function, which was found at r ' 0.8 fm in
[22, 28, 32].
An earlier quenched simulation [33] based on qqq inter-
polators used overlap fermions and the SEB method to
extract eigenenergies. The authors find a crossover be-
tween first excited 1/2+ state and ground 1/2− state as a
function of the quark mass, approaching the experimen-
tal situation. A more recent quenched calculation [34]
using FLIC fermions with improved chiral properties and
variational approach also reported a similar observation.
In continuum the N∗(1440) is not an asymptotic state
but a strongly decaying resonance that manifests itself in
the continuum of Npi and Npipi states. The spectrum of
those states becomes discrete on the finite lattice of size
L. For non-interacting N and pi the periodic boundary
conditions in space constrain the momenta to multiples of
2pi/L. The interactions modify the energies of these dis-
crete multi-hadron states and possibly render additional
eigenstates.
The multi-hadron states have never been established
in the previous lattice simulations of the Roper channel,
although they should inevitably appear as eigenstates in
dynamical lattice QCD. In addition to being important
representatives of the Npi and Npipi continuum, their en-
ergies and number in principle provide phase shifts for
the scattering of nucleons and pions. These, in turn,
provide information on the Roper resonance that resides
in this channel. In the approximation when Npi is de-
coupled from other channels the Npi phase shift and the
1 The χQCD collaboration [30] recently verified that SEB and
variational approach with wide smeared sources (r ' 0.8 fm)
lead to compatible E ' 1.9 GeV for Wilson-clover fermions and
mpi ' 400 MeV.
scattering matrix are directly related to eigenenergies via
the Lu¨scher method [20, 21]. The determination of the
scattering matrix for coupled two-hadron channels has
been proposed in [35, 36] and was recently extracted
from a lattice QCD simulation [37, 38] for other cases.
The presence of the three-particle decay mode Npipi in
the Roper channel, however, poses a significant challenge
to the rigorous treatment, as the scattering matrix for
three-hadron decay has not been extracted from the lat-
tice yet, although impressive progress on the analytic side
has been made [39].
The purpose of the present paper is to determine the
complete discrete spectrum for the interacting system
with JP = 1/2+, including multi-hadron eigenstates.
Zero total momentum is considered since parity is a good
quantum number in this case. In addition to qqq in-
terpolating fields, we incorporate for the first time Npi
in p-wave in order to address their scattering. The Nσ
in s-wave is also employed to account for N(pipi)I=0s−wave.
We aim at the energy region below 1.65 GeV, where
the Roper resonance is observed in experiment. In ab-
sence of meson-meson and meson-baryon interactions one
expects eigenstates dominated by N(0), N(0)pi(0)pi(0),
N(0)σ(0) and N(1)pi(−1), in our Nf = 2 + 1 dynam-
ical simulation for mpi ' 156 MeV and L ' 2.9 fm.
The momenta in units of 2pi/L are given in parenthe-
sis. N and pi in Npi need at least momentum 2pi/L
to form the p-wave. The PACS-CS configurations [40]
have favourable parameters since the non-interacting en-
ergy
√
m2pi + (2pi/L)
2 +
√
m2N + (2pi/L)
2 ' 1.5 GeV of
N(1)pi(−1) falls in the Roper region. The number of ob-
served eigenstates and their energies will lead to certain
implications concerning the Roper resonance.
In the approximation of elastic Npi scattering, decou-
pled from Npipi, the experimentally measured Npi phase
shift predicts four eigenstates below 1.65 GeV, as argued
in Section IV A and Figure 7. Further analytic guidance
for this channel was recently presented in [8], where the
expected discrete lattice spectrum (for our L and mpi)
was calculated using a Hamiltonian Effective Field The-
ory (HEFT) approach for three hypotheses concerning
the Roper state (Fig. 8). All scenarios involve channels
Npi/Nσ/∆pi (assuming stable σ and ∆) and are apt to re-
produce the experimental Npi phase shifts. The scenario
which involves also a bare Roper qqq core predicts four
eigenstates in the region E < 1.7 GeV of our interest,
while the scenario without Roper qqq core predicts three
eigenstates [8].2 The Roper resonance in the second case
is dynamically generated purely from the Npi/Nσ/∆pi
channels, possibly accompanied by the ground state nu-
cleon qqq core.
As already mentioned, our aim is to establish the
2 This numbering omits the ∆(1)pi(−1) andN(1)σ(−1) eigenstates
that are near 1.7 GeV; these are not expected to be found in
our study since the corresponding interpolators are not included.
Our notation implies projection of all operators to JP = 1
2
+
.
3expected low-lying multi-particle states in the positive-
parity nucleon channel. This has been already accom-
plished in the negative-parity channel, where Npi scat-
tering in s-wave was simulated in [41]. An exploratory
study [42] was done in a moving frame, where both par-
ities contribute to the same irreducible representation.
The only lattice simulation in the positive-parity chan-
nel that included (local) qqqqq¯ interpolators in addition
to qqq was recently presented in [19]. No energy levels
were found betweenmN and' 2 GeV formpi ' 411 MeV.
The levels related to N(1)pi(−1) and N(0)σ(0) were not
observed, although they are expected below 2 GeV ac-
cording to [8]. This is possibly due to the local nature
of the employed qqqqq¯ interpolators [19], which seem to
couple too weakly to multi-hadron states in practice.
This paper is organized as follows. Section II presents
the ensemble, methodology, interpolators and other tech-
nical details to determine the eigenenergies. The result-
ing eigenenergies and overlaps are presented in Section
III, together with a discussion on the extraction of the
Npi phase shift. The physics implications are drawn in
Section IV and an outlook is given in the conclusions.
II. LATTICE SETUP
A. Gauge configurations
We perform a dynamical calculation on 197 gauge con-
figurations generated by the PACS-CS collaboration with
Nf = 2 + 1, lattice spacing a = 0.0907(13) fm, lattice ex-
tension V = 323×64, physical volume L3 ' (2.9 fm)3 and
κu/d = 0.13781 [40]. The quark masses, mu = md, are
nearly physical and correspond to mpi = 156(7)(2) MeV
as estimated by PACS-CS [40]. Our own estimate leads
to somewhat larger mpi as detailed below (we still refer
to it as an ensemble with mpi ' 156 MeV). The quarks
are non-perturbatively improved Wilson-clover fermions,
which do not respect exact chiral symmetry (i.e., the
Ginsparg-Wilson relation [43]) at non-zero lattice spacing
a. Most of the previous simulations of the Roper chan-
nel also employed Wilson-clover fermions, for example
[23, 24, 26–28].
Closer inspection of this ensemble reveals that there
are a few configurations responsible for a strong fluctua-
tion of the pion mass, which is listed in Table I. Remov-
ing one or four of the ”bad” configurations changes the
pion mass by more than two standard deviations. The
configuration-set ”all” indicates the full set of 197 gauge
configurations, while ”all-1” (”all-4”) indicate a subset
with 196 (193) configurations where one (four) config-
uration(s) leading to the strong fluctuations in mpi are
removed3.
3 In the set RC32x64 B1900Kud01378100Ks01364000C1715 config-
uration jM000260 is removed in ”all-1”, while jM000260,
hM001460, jM000840 and jM000860 are removed in ”all-4”.
config. set mpi [MeV] mN [MeV]
all 153.9± 4.1 951± 19
all-1 163.9± 2.4 965± 13
all-4 164.4± 2.1 969± 12
TABLE I. The single hadron masses obtained for the full
(”all”) set of configurations and for the sets with one (”all-
1”) or four (”all-4”) configurations omitted. Interpolators, fit
type and fit range are like in Table II. As discussed in the text
our final results are based on set ”all-4”.
We tested these three configuration-sets for a variety
of hadron energies, and we find that only mpi varies out-
side the statistical error, while variations of masses for
other hadrons (mesons with light and/or heavy quarks
and nucleon) are smaller than the statistical errors. This
also applies for the nucleon mass listed in Table I. The
energies of the pions and other hadrons with non-zero
momentum also do not vary significantly with this choice.
The Roper resonance is known to be challenging as far
as statistical errors are concerned, especially for nearly
physical quark masses. The error on the masses and en-
ergies is somewhat bigger for the full set than on the
reduced sets in some cases, for example mpi and mN in
Table I. Throughout this paper, we will present results
for the reduced configuration-set ”all-4”, unless specified
differently. The final spectrum was studied for all three
configuration-sets, and we arrive at the same conclusions
for all of them.
B. Determining eigenenergies
We aim to determine the eigenenergies in the Roper
channel, and we will need also the energies of a single pi
or N . Lattice computation of eigenenergies En proceeds
by calculating the correlation matrix C(t) for a set of
interpolating fields Oi(O¯i) that annihilate (create) the
physics system of interest
Cij(t) = 〈Ω|Oi(t+ tsrc)O¯j(tsrc)|Ω〉
=
∑
n
〈Ω|Oi|n〉e−Ent〈n|O¯j |Ω〉
=
∑
n
Zni Z
n∗
j e
−Ent (1)
with overlaps Zni = 〈Ω|Oi|n〉. All our results are aver-
aged over all the source time slices tsrc = 1, .., 64.
The En and Z
n
j are extracted from C(t) via the gen-
eralized eigenvalue method (GEVP) [44–47]
C(t)u(n)(t) = λ(n)(t)C(t0)u
(n)(t) , λ(n)(t) ∝ e−Ent
(2)
and we apply t0 = 2 for all cases except for the single
pion correlation where we choose t0 = 3. The large-time
4behavior of the eigenvalue λ(n)(t) provides En, where spe-
cific fit forms will be mentioned case by case. The
Znj (t) = e
Ent/2Cjk(t)u
(n)
k (t)/|C(t)
1
2u(n)(t)| (3)
give the overlap factors in the plateau region.
For fitting En from λ
(n)(t) we usually employ a sum of
two exponentials, where the second exponential helps to
parameterize the residual contamination from higher en-
ergy states at small t values. For the single pion ground
state we have a large range of t-values to fit and there
we combine cosh[En(t − NT /2)] also with such an ex-
ponential. Correlated fits are used throughout. Single-
elimination jackknife is used for statistical analysis.
C. Quark smearing width and distillation
The interpolating fields are built from the quark fields
and we employ these with two smearing widths illus-
trated in Fig. 1. Linear combinations of operators with
different smearing widths provide more freedom to form
the eigenstates with nodes in the radial wave function.
This is favourable for the Roper resonance [22, 28, 32],
which is a radial excitation within a quark model.
Quark smearing is implemented using the so-called
distillation method [48]. The method is versatile and
enables us to compute all necessary Wick-contractions,
including terms with quark-annihilation. This is made
possible by pre-calculating the quark propagation from
specific quark sources. The sources are the lowest k =
1, .., Nv eigenvectors v
k
xc of the spatial lattice Laplacian
and c is the color index. Smeared quarks are provided
by qc(x) ≡ x′c′,xc qc′point(x′) [48] with the smearing op-
erator x′c′,xc =
∑Nv
k=1 v
k
x′c′v
k†
xc. Different Nv lead to
different effective smearing widths.
In previous work we used stochastic distillation [49]
on this ensemble, which is less costly but renders nois-
ier results. For the present project we implemented the
distillation4 with narrower (n) smearing Nv = 48 and
wider (w) smearing Nv = 24, illustrated in Fig. 1. Two
smearings are employed to enhance freedom in forming
the eigenstates with nodes. Most of the interpolators
and results below are based on narrower smearing which
gives better signals in practice, although both widths are
not very different. The details of our implementation of
the distillation method are collected in [50] for another
ensemble.
D. Interpolators and energies of pi and N
Single particle energies are needed to determine refer-
ence energies of the non-interacting (i.e., disregarding in-
teraction between the mesons and baryons) system, and
4 Sometimes referred to as the full distillation.
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FIG. 1. The profile Ψ(r) of the “narrower” (Nv = 48)
and the “wider” (Nv = 24) smeared quark, where Ψ(r) =∑
x,t
√
Trc[ x,x+r(t) x,x+r(t) ].
also to examine phase shifts (see Subsection III B). The
following pi and N annihilation interpolators are used
to extract energies of the single hadrons with momenta
n 2pi/L (these are also used as building blocks for inter-
polators in the Roper channel):
pi+(n) =
∑
x
d¯(x, t)γ5u(x, t)e
ix·n 2piL (4)
pi0(n) = 1√
2
∑
x
[d¯(x, t)γ5d(x, t)− u¯(x, t)γ5u(x, t)]eix·n 2piL
and
N ims=1/2(n) = N iµ=1(n) , N ims=−1/2(n) = N iµ=2(n) (5)
N iµ(n)=
∑
x
abc[u
aT (x, t)Γi2d
b(x, t)] [Γi1q
c(x, t)]µ e
ix·n 2piL
i = 1, 2, 3 : (Γi1,Γ
i
2) = (1, Cγ5), (γ5, C), (i1, Cγtγ4)
Three standard choices for Γ1,2 are used. The 3rd quark
is q = u for the proton and q = d for the neutron. Equa-
tion (5) is in Dirac basis and the upper two components
Nµ=1,2 of the Dirac four spinor Nµ are the ones with pos-
itive parity at zero momentum. The spin component ms
in Nms is a good quantum number for p = 0 or p ∝ ez,
which is employed to determine energies in Table II. It
is not a good quantum number for general p and it de-
notes the spin component ms of the corresponding field
at rest. The “non-canonical” fields Nms(n) (5) built only
from upper-components have the desired transformation
properties under rotation R and inversion I, which are
5necessary to build two-hadron operators [51]:
RNms(n)R
†=
∑
m′s
D
1/2
msm′s
(R†)Nm′s(Rn),
Rpi(n)R† = pi(Rn)
INms(n)I = Nms(−n),
Ipi(n)I = −pi(−n) . (6)
Interpolators with narrower quark sources are used for
the determination of the masses and energies of pi and N .
Those are collected in Table II, where they are compared
to energies Ec expected in the continuum limit a→ 0.
E. Interpolating fields for the Roper channel
Our central task is to calculate the energies of the
eigenstates En with J
P = 1/2+ and total momentum
zero, including multi-particle states. We want to cover
the energy range up to approximately 1.65 GeV, which is
relevant for the Roper region. The operators with these
quantum numbers have to be carefully constructed. Al-
though qqq interpolators in principle couple also to multi-
hadron intermediate states in dynamical QCD, the multi-
hadron eigenstates are often not established in practice
unless the multi-hadron interpolators are also employed
in the correlation matrix.
We apply 10 interpolators Oi=1,...,10 with P = +, S =
1/2, (I, I3) = (1/2, 1/2) and total momentum zero [51]
(P and ms are good continuum quantum numbers in this
case). For ms = 1/2, we have
ONpi1,2 = −
√
1
3
[
p1,2− 12
(−ex)pi0(ex)− p1,2− 12 (ex)pi
0(−ex)
− ip1,2− 12 (−ey)pi
0(ey) + ip
1,2
− 12
(ey)pi
0(−ey)
+ p1,21
2
(−ez)pi0(ez)− p1,21
2
(ez)pi
0(−ez)
]
+
√
2
3
[{p→ n, pi0 → pi+}] [narrower]
ONw3,4,5 = p
1,2,3
1
2
(0) [wider]
ONn6,7,8 = p
1,2,3
1
2
(0) [narrower]
ONσ9,10 = p
1,2
1
2
(0)σ(0) [narrower] (7)
where these are the annihilation fields and
σ(0) = 1√
2
∑
x
[u¯(x, t)u(x, t) + d¯(x, t)d(x, t)] . (8)
The momenta of fields in units of 2pi/L are given in paren-
thesis with ex, ey, and ez denoting the unit vectors in
x, y, and z directions, while the lower index on N = p, n
is ms. All quarks have the same smearing width (nar-
rower or wider in Fig. 1) within one interpolator. The
ONpi was constructed in [51], while factors with square-
root are Clebsch-Gordan coefficients related to isospin.
For ms = −1/2, p1/2 and n1/2 gets replaced by p−1/2
and n−1/2 in O3−10, while O1,2 becomes [51]
ONpi1,2 = −
√
1
3
[
p1,21
2
(−ex)pi0(ex)− p1,21
2
(ex)pi
0(−ex)
+ ip1,21
2
(−ey)pi0(ey)− ip1,21
2
(ey)pi
0(−ey)
− p1,2− 12 (−ez)pi
0(ez) + p
1,2
− 12
(ez)pi
0(−ez)
]
+
√
2
3
[{p→ n, pi0 → pi+}] [narrower] (9)
The basis (7) contains conventional qqq fields as well
as the most relevant multi-hadron components. The non-
interacting levels below 1.65 GeV are N(0), N(1)pi(−1),
N(0)pi(0)pi(0) and, assuming zero width approximation,
N(0)σ(0). The N(2)pi(−2), N(1)pi(−1)pi(0) and oth-
ers are at higher energies. Here ONpi corresponds to
N(1)pi(−1) in p-wave [51]. Our notation implies pro-
jection to JP = 12
+
for all operators (e.g., N(1)σ(−1)
actually refers to
∑3
µ=1N(eµ)σ(−eµ)). Interpolators
N(n)pi(−n) with n ≥ 2 are not incorporated, so we do
not expect to find those in the spectrum. We implement
only one type of σ interpolator (8) in ONσ and we expect
that this represents a possible superposition of Npipi and
Nσ.5
On the discrete lattice the continuum rotation symme-
try group is reduced to the discrete lattice double-cover
group O2h. The states with the continuum quantum num-
ber JP = 1/2+ transform according to theG+1 irreducible
representation on the lattice. All operators (7) indeed
transforms according to G+1
ROmsi (0)R
† =
∑
m′s
D
1/2
msm′s
(R†)Om
′
s
i (0),
IOmsi (0)I = O
ms
i (0), (10)
as can be checked by using the transformations of indi-
vidual fields N , pi, σ (eqn. 4, 5, 8). The Npi opera-
tor with such transformation properties was constructed
using the projection, partial-wave and helicity methods
[51], all leading to ONpi1,2 in eqns. (7,9). The partial-wave
method indicates that it describes Npi in p-wave.
We restrict our calculations to zero total momentum
since parity is a good quantum number in this case. The
positive parity states with J = 1/2 as well as J ≥ 7/2 ap-
pear in the relevant irreducible representation G+1 of O
2
h.
The observed baryons with J ≥ 7/2 lie above 1.9 GeV,
therefore this does not present a complication for the en-
ergy region of our interest. We do not consider the sys-
tem with non-zero total momenta since 1/2+ as well as
1/2− (and others) appear in the same irreducible repre-
sentation [53], which would be a significant complication
especially due to the negative parity states N(1535) and
N(1650).
5 The σ channel itself was recently simulated with a number of
interpolators in [52].
6hadron n = pL
2pi
interpol. fit range fit type χ2/dof E a (lat) Eca = a
√
m2 + p2
pi (0,0,0) pi 8-18 cosh+exp, c 0.99 0.07558± 0.00098
pi (0,0,1) pi 6-20 2 exp, c 1.91 0.2049± 0.0023 0.2104
N (0,0,0) N1,3n 4-12 2 exp, c 0.39 0.4455± 0.0056
N (0,0,1) N1,3n 4-12 2 exp, c 0.54 0.4920± 0.0072 0.4864
TABLE II. The energies of single hadrons pi and N for two relevant momenta, based on configuration set ”all-4”. Energies in
GeV are obtained by multiplying with 1/a ' 2.17 GeV.
F. Wick contractions for the Roper channel
The 10 × 10 correlation function Cij(t) (1) for the
Roper channel is obtained after evaluating the Wick con-
tractions for any pair of source O¯j and sink Oi. The
number of Wick contractions involved in computing the
correlation functions between our interpolators (eqn. 7)
are tabulated in Table III.
Oi\Oj ON ONpi ONσ
ON 2 4 7
ONpi 4 19 19
ONσ 7 19 33
TABLE III. Number of Wick contractions involved in comput-
ing correlation functions between interpolators in eqn. (7).
The ON ↔ ON contractions have been widely used
in the past. 6 The 19 Wick-contractions ONpi ↔ ONpi
and 4 Wick contractions ON ↔ ONpi are the same as in
the Appendix of [41], where the negative-parity channel
was studied. The inclusion of ONσ introduces additional
2 ·7+2 ·19+33 Wick contractions, while the inclusion of
three hadron interpolators like Npipi would require many
more. We evaluate all necessary contractions in Table
III using the distillation method [48] discussed in Section
II C.
Appendix A illustrates how to handle the spin compo-
nents in evaluating C(t), where one example of the Wick
contraction 〈Ω|ONpiO¯N |Ω〉 is considered.
III. RESULTS
A. Energies and overlaps
Our main result are the energies of the eigenstates in
the JP = 1/2+ channel, shown in Fig. 2a. These are
based on the 5 × 5 correlation matrix (1) for the subset
6 Footnote added after publication: the Npi contribution to corre-
lators ON ↔ ON with local operators has been determined via
ChPT in [60].
eigenstate fit fit χ2/dof E a
n range type
1 4-12 2 exp, c 0.50 0.4427± 0.0055
2 4-12 2 exp, c 1.04 0.6196± 0.0266
3 4-10 2 exp, c 0.88 0.6873± 0.0195
4 4-7 1 exp, c 0.32 0.9527± 0.0338
TABLE IV. The final energies En of eigenstates in the Roper
channel, which correspond to Fig. 2a and effective masses
in Fig. 3. They are obtained from correlated fits based on
complete interpolator set (eqn. 11) and configuration set ”all-
4”. Energies in GeV can be obtained by multiplying with
1/a ' 2.17 GeV.
of interpolators (7)
complete interpolator set : ONpi1 , O
Nn
3 , O
Nw
6,8 , O
Nσ
9 ,
(11)
which we refer to as the ”complete set” since it contains
all types of interpolators. Adding other interpolators to
this basis, notablyO2,4,7,10, which include theN
i=2 inter-
polator7, makes the eigenenergies noisier. The eigenen-
ergies En are obtained from the fits of the eigenvalues
λ(n)(t) (2), with fit details in Table IV. The horizon-
tal dashed lines represent the energies of the expected
multi-hadron states mN + 2mpi and EN(1) + Epi(−1) in
the non-interacting limit (the individual hadron energies
measured on our lattice and given in Table II are used
for this purpose throughout this work). The study of
this channel with almost physical pion mass is challeng-
ing as far as statistical errors are concerned. This can
be seen from the effective energies in Fig. 3 which give
eigenenergies in the plateau region.
The ground state (n = 1) in Fig. 2a represents the
nucleon. The first-excited eigenstate (n = 2) lies near
mN + 2mpi and appears to be close to N(0)pi(0)pi(0) in
the non-interacting limit. The next eigenstate n = 3 lies
near the non-interacting energy EN(1) +Epi(−1). It dom-
inantly couples to ONpi and we relate it to N(1)pi(−1)
in the non-interacting limit. Further support in favor of
7 It has been observed already earlier, e.g. [54], that this interpo-
lator shows no plateau behavior in the effective energy.
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FIG. 2. The eigenenergies En (a) and normalized overlaps Z
n
i = 〈Ω|Oi|n〉 (b), which result from correlation matrix (1) based
on the complete interpolator set (11). Left pane (a): The energies En from lowest (n = 1) to highest (n = 4). The horizontal
dashed lines represent the energies mN + 2mpi and EN(1) + Epi(−1) of the expected multi-hadron states in the non-interacting
limit. Right pane (b): the ratios of overlaps Zni with respect to the largest among |Zm=1,...5i |; these ratios are independent on
the normalization of Oi. The full and empty symbols correspond to the positive and negative Z
n
i , respectively (Z
n
i are almost
real). Configuration set ”all-4” is used.
this identification for levels n = 2, 3 will be given in the
discussion of Figs. 4 and 5. The most striking feature
of the spectrum is that there are only three eigenstates
below 1.65 GeV, while the other eigenstates appear at
higher energy.
The overlaps of these eigenstates with various oper-
ators are presented in Fig. 2b. The nucleon ground
state n = 1 couples well with all interpolators that con-
tain N1. The operator ONpi couples well with eigen-
state n = 3, which gives further support that this state
is related to N(1)pi(−1). The operator ONσ couples best
with the nucleon ground state, which is not surprising
due to the presence of the Wick contraction where the
isosinglet σ (8) annihilates and the remaining N1 cou-
ples to the nucleon. Interestingly, the ONσ has similar
couplings to the eigenstates n = 2 and n = 3, which
are related to N(0)pi(0)pi(0) and N(1)pi(−1) in the non-
interacting limit. One would expect |〈Ω|ONσ|n = 2〉| 
|〈Ω|ONσ|n = 3〉| if the channel Npi were decoupled from
Nσ/Npipi. Our overlaps Zn=2,3i=9 suggest that the chan-
nels are significantly coupled. The scenario where the
coupled-channel scattering might be crucial for the Roper
resonance will discussed in Section IV.
The features of the spectrum for various choices of the
interpolator basis are investigated in Fig. 4. The com-
plete set (11) with all types of interpolators is highlighted
as choice 1. If the operator ONpi is removed (choice 3)
the eigenstate with energy ' EN(1) + Epi(1) disappears,
so the Npi Fock component is important for this eigen-
state. The eigenstate with energy ' mN + 2mpi disap-
pears if ONσ is removed (choice 4), which suggests that
this eigenstate is dominated by N(0)pi(0)pi(0), possibly
mixed with N(0)σ(0). Any interpolator individually ren-
ders the nucleon as a ground state (choices 5,6,7).
All previous lattice simulations, except for [19], used
just qqq interpolators. This is represented by the choice 5,
which renders the nucleon, while the next state is above
1.65 GeV; this result is in agreement with most of the
previous lattice results based on qqq operators, discussed
in the Introduction. No interpolator basis renders more
than three eigenstates below 1.65 GeV.
The most striking feature of the spectra in Figs. 2 and
4 is the absence of any additional eigenstate in the energy
region where the Roper resonance resides in experiment.
The eigenstates n = 2, 3 lie in this energy region, but
two eigenstates related to N(0)pi(0)pi(0) and N(1)pi(−1)
are inevitably expected there in dynamical QCD, even in
absence of the interactions between hadrons.
A further indication that eigenstate n = 2 is domi-
nated by N(0)pi(0)pi(0) is presented in Fig. 5, where the
spectrum from all configurations is compared to the spec-
trum based on configuration sets ”all-4” (shown in other
figures) and ”all-1”. The horizontal dashed lines indicate
non-interacting energies obtained from the correspond-
ing sets. Only the central value of E2 and mN + 2mpi
visibly depend on the configuration set. The variation of
mN + 2mpi is due to the variations of mpi pointed out in
Section II A. The eigenstate n = 2 appears to track the
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FIG. 3. The effective energies Eeffn (t) = log[λ
(n)(t)/λ(n)(t+
1)] → En of eigenvalues λ(n). These correspond to the ener-
gies of eigenstates En in Fig. 2a and Table IV. It is based
on the complete interpolator set (11) and configuration set
”all-4”. The fits of λ(n)(t) that render En are also presented.
Non-interacting energies of N(0)pi(0)pi(0) and N(1)pi(−1) are
shown with dashed lines.
threshold mN + 2mpi, which suggests that its Fock com-
ponent N(0)pi(0)pi(0) is important. Note that the full
configuration set gives larger statistical errors, as illus-
trated via effective masses in Fig. 9 of Appendix B.
B. Scattering phase shift
In order to discuss the Npi phase shift, we consider
the elastic approximation where Npi scattering is decou-
pled from the Npipi channel. In this case, the Npi phase
shift δ can be determined from the eigenenergy E of the
interacting state Npi via Lu¨scher’s relation [20, 21]
δ(p) = atan
[ √
pipL
2Z00(1; (
pL
2pi )
2)
]
, E = EN(p) + Epi(p) (12)
where EH(p) =
√
m2H + p
2 applies in the continuum
limit. The eigenenergy E (E3 from basis O
Npi,N,Nσ or
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ration sets.
E2 from O
Npi,N ) has sizable error for this ensemble with
close-to-physical pion mass. It lies close to the non-
interacting energy EN(1) +Epi(1), as can be seen in Figs.
2, 3 and 9. We find that the resulting energy shift
∆E = E−EN(1)−Epi(1) is consistent with zero (modulo
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FIG. 6. The experimental phase shift δ and inelasticity
1− η2 as extracted by the GWU group [55] (solution WI08).
The dot-dashed line is a smooth interpolation that is used in
Section IV A.
pi) within the errors. This implies that the phase shift δ
is zero within a large statistical error.
We verified this using a number of choices to extract
∆E and δ. The interpolator set ONpi,N rightmost col-
umn of Fig. 9) that imitates the elastic Npi scattering
served as a main choice, while it was compared to other
sets also. Correlated and uncorrelated fits of E as well as
EN(1) + Epi(1) were explored for various fit-ranges. Fur-
ther choices of dispersion relations Epi(p) and EN (p) that
match lattice energies at p = 0, 1 in Table II (e.g., inter-
polation of E2 linear in p2) were investigated within the
Lu¨scher analysis to arrive at same conclusions.
IV. DISCUSSION AND INTERPRETATION
Here we discuss the implications of our results, in
particular that only three eigenstates are found be-
low 1.65 GeV. These appear to be associated with
N(0), N(0)pi(0)pi(0) and N(1)pi(−1) in the non-
interacting limit.
The experimental Npi scattering data for the ampli-
tude T = (ηe2iδ−1)/(2i) for this (P11) channel are shown
in Fig. 6 [55]8. The channel is complicated by the fact
8 The experimental data comes from the GWU homepage
that Npi scattering is not elastic above the Npipi thresh-
old and the inelasticity is sizable already in the energy
region of the Roper resonance.
The presence of the Npipi channel prevents rigorous
investigation on lattice at the moment. While the three-
body channels have been treated analytically, see for ex-
ample [39, 56], the scattering parameters have not been
determined in any channel within lattice QCD up to now.
For this reason we consider implications for the lattice
spectrum based on various simplified scenarios. By com-
paring our lattice spectra to the predictions of these sce-
narios, certain conclusions on the Roper resonance are
drawn.
A. Npi scattering in elastic approximation
Let us examine what would be the lattice spectrum
assuming experimental Npi phase shift in the approxi-
mation when Npi is decoupled from the Npipi channel. In
addition we consider no interactions in the Npipi channel.
The elastic phase shift δ in Figure 6 allows to obtain the
discrete energies E as function of the spatial lattice size
L via Lu¨scher’s equation (12) .
Figure 7a shows the non-interacting levels for N(0)
(black), N(0)pi(0)pi(0) (blue), and N(1)pi(−1) (red).
These are shifted by the interaction. Also plotted are
the eigenstates (orange) in the interacting Npi channel
derived from the experimental elastic phase shift with
help of eqn. (12). The elastic scenario should therefore
render four eigenstates below 1.65 GeV at our L ' 2.9 fm,
indicated by the violet circles in Figures 7a and 7b. Three
non-interacting levels9 below 1.65 GeV turn into four in-
teracting levels (violet circles) at L ' 2.9 fm. The Roper
resonance phase shift passing pi/2 is responsible for the
extra level.
Our actual lattice data features only three eigenstates
below 1.65 GeV, and no extra low-lying eigenstate is
found. Comparison in Figure 7b indicates that the lat-
tice data is qualitatively different from the prediction of
the resonating Npi phase shift for the low-lying Roper
resonance, assuming it is decoupled from Npipi.
B. Scenarios with coupled Npi −Nσ −∆pi scattering
Our analysis does not show the resonance related level.
One reason could be that the Roper resonance is a truly
coupled channel phenomenon and one has to include fur-
ther interpolators like ∆pi, Nρ and an explicit Npipi three
hadron interpolator. The scattering of Npi − Nσ − ∆pi
in the Roper channel was studied recently using Hamil-
tonian Effective Field Theory (HEFT) [8]. The σ and ∆
gwdac.phys.gwu.edu
9 These are three intercepts of dashed curves with vertical green
line at L = 2.9 fm.
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FIG. 7. (a) Analytic prediction for the eigenenergies E
as a function of the lattice size L, according to (12). The
Npi and Npipi are assumed to be decoupled, and Npipi is
non-interacting. The curves show: non-interacting Npi (red
dashed), interacting Npi based on experimental phase shift
[55] (orange dotted), Npipi threshold (blue dashed), proton
mass (black), Roper mass (cyan band). The experimental
masses of hadrons are used. (b) Left: energy values from our
simulation. (b) Right: the full violet circles show the ana-
lytic predictions for the energies at our L = 2.9 fm based
on the experimental phase shift data and elastic approxima-
tion (same as violet circles in upper pane). We show only
the energy region E < 1.7 GeV where we aim to extract the
complete spectrum (there are additional multi-hadron states
in the shaded region and we did not incorporate interpolator
fields for those).
were assumed to be stable under the strong decay, which
is a (possibly serious) simplification. The free parameters
were always fit to the experimental Npi phase shift and
describe the data well. Three models were discussed:
I The three channels are coupled with a low-lying
bare Roper operator of type qqq.
II No bare baryon; the Npi phase shift is reproduced
solely via coupled channels.
III The three channels are coupled only to a bare nu-
cleon.
The resulting Hamiltonian was considered in a finite vol-
ume leading to discrete eigenenergies for all three cases,
plotted in Fig. 8 for our parameters L = 2.9 fm and
mpi = 156 MeV [8].
In Fig. 8 we compare our lattice spectra with the
prediction for energies of JP = 1/2+ states in three
scenarios. The stars mark the high-lying eigenstates
N(1)σ(−1), ∆(1)pi(−1) and N(2)pi(−2) [8], which are
not expected to be found in our study since we did
not incorporate corresponding interpolators in (7). The
squares denote predictions from the three scenarios that
can be qualitatively compared with our lattice spectra.
Our lattice levels below 1.7 GeV disagree with model I
based on bare Roper qqq core, but are consistent with II
and (preferred) III with no bare Roper qqq core. In those
scenarios the Roper resonance is dynamically generated
from the Npi/Nσ/∆pi channels, coupled also to a bare
nucleon core in case III. Preference for interpretations
II,III was reached also in other phenomenological studies
[6–9] and on the lattice [19], for example.
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FIG. 8. Analytic predictions for the lattice spectra at
mpi = 156 MeV and L = 2.9 fm from the Hamiltonian Effec-
tive Field theory. These are based on three scenarios concern-
ing the Roper resonance [8]. Our lattice spectrum is shown
with circles on the left. Qualitative comparison between the
energies represented by squares and circles can be made, as
discussed in the main text.
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C. Hybrid baryon scenario
Several authors, for example [12, 13], have proposed
that the Roper resonance might be a hybrid baryon qqqG
with excited gluon field. This scenario predicts the lon-
gitudinal helicity amplitude S1/2 to vanish [57], which is
not supported by the measurement [58]. Our lattice sim-
ulation cannot provide any conclusion regarding this sce-
nario since we have not incorporated interpolating fields
of the hybrid type.
D. Other possibilities for absence of the resonance
related level
Let us discuss other possible reasons for the miss-
ing resonance level in our results, beyond the coupled-
channel interpretation offered above.
We could be missing the eigenstate because we might
have missed important coupling operators. One such can-
didate might be a genuine pentaquark operator. A local
five quark interpolator (with baryon-meson color struc-
ture) has been used by [19] who, however, also did not
find a Roper signal. The local pentaquark operator with
color structure abcq¯a[qq]b[qq]c ([qq]c = cdeqcqdqe) can be
rewritten as a linear combination of local baryon-meson
operators BM = (abcqaqbqc)(q¯eqe) by using abcade =
δbdδce− δbeδcd. Furthermore, the local baryon-meson op-
erators are linear combinations of B(p)M(−p). Among
various terms, the N(1)pi(−1) and N(0)σ(0) are the es-
sential ones for the explored energy region and those were
incorporated in our basis (7). So, we expect that our sim-
ulation does incorporate the most essential operators in
the linear combination representing the genuine localized
pentaquark operator. It remains to be seen if structures
with significantly separated diquark (such as proposed
in [59] for Pc) could be also be probed by baryon-meson
operators like (7).
It could also be that – contrary to our expectation – us-
ing operators with different quark smearing widths is not
sufficient to scan the qqq radial excitations. One might
have to expand the interpolator set to include non-local
interpolators [26] so as to have good overlap with radial
excitations with non-trivial nodal structures. There has
been no study that involved use of such operators along
with the baryon-meson operators and within the single
hadron approach such operators do not produce low lying
levels in the Roper energy range [26].
Finally, our results are obtained using fermions that do
not obey exact chiral symmetry at finite lattice spacing
a, like in most of the previous simulations. It would be
desirable to verify our results using fermions that respect
chiral symmetry at finite a.
V. CONCLUSION AND OUTLOOK
We have determined the spectrum of the JP = 1/2+
and I = 1/2 channel below 1.65 GeV, where the Roper
resonance appears in experiment. This lattice simula-
tion has been performed on the PACS-CS ensemble with
Nf = 2 + 1, mpi ' 156 MeV and L = 2.9 fm. Sev-
eral interpolating fields of type qqq (N) and qqqqq¯ (Nσ
in s-wave and Npi in p-wave) were incorporated, and
three eigenstates below 1.65 GeV are found. The en-
ergies, their overlaps to the interpolating fields and ad-
ditional arguments presented in the paper indicate that
these are related to the states that correspond to N(0),
N(0)pi(0)pi(0) and N(1)pi(−1) in the non-interacting
limit (momenta in units of 2pi/L are given in parenthe-
sis). This is the first simulation that finds the expected
multi-hadron states in this channel. However, the un-
certainties on the extracted energies are sizable and the
extracted Npi phase shift is consistent with zero within
a large error.
One of our main results is that only three eigenstates
lie below 1.65 GeV, while the fourth one lies already at
about 1.8(1) GeV or higher. In contrast, the experimen-
tal Npi phase shift implies four lattice energy levels below
1.65 GeV in the elastic approximation when Npi is decou-
pled from Npipi and the later channel is non-interacting.
Our results indicate that the low-lying Roper resonance
does not arise on the lattice within the elastic approxi-
mation of Npi scattering. This points to a possibility of
a dynamically generated resonance, where the coupling
of Npi with Npipi or other channels is essential for the
existence of this resonance. This is supported by com-
parable overlaps of the operator ONσ to the second and
third eigenstates.
We come to a similar conclusion if we compare our lat-
tice spectrum to the HEFT predictions for Npi/Nσ/∆pi
scattering in three scenarios [8]. The case where these
three channels are coupled with the low-lying bare Roper
qqq core is disfavored. Our results favor the scenario
where the Roper resonance arises solely as a coupled
channel phenomenon, without the Roper qqq core.
Future steps towards a better understanding of this
channel include simulations at larger mpiL, decreasing
the statistical error and employing qqq or qqqqq¯ opera-
tors with greater variety of spatially-extended structures.
Simulating the system at non-zero total momentum will
give further information but will introduce additional
challenges: states of positive as well as negative parity
contribute to the relevant irreducible representations in
this case. It would also be important to investigate the
spectrum based on fermions with exact chiral symmetry
at finite lattice spacing.
Our results point towards the possibility that Roper
resonance is a coupled-channel phenomenon. If this is the
case, the rigorous treatment of this channel on the lat-
tice will be challenging. This is due to the three-hadron
decay channel Npipi and the fact that the three-hadron
scattering matrix has never been extracted from lattice
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QCD calculations yet. The simplified two-body approach
to coupled-channels Nσ/∆pi (based on stable σ and ∆)
cannot be compared quantitatively to the lattice data at
light mpi where σ and ∆ are broad unstable resonances.
This is manifested also in our simulation, where ONσ op-
erator renders an eigenstate with E ' mN + 2mpi and
not E ' mN +mσ.
Pion-nucleon scattering has been the prime source of
our present day knowledge on hadrons. After decades
of lattice QCD calculations we are now approaching the
possibility to study that scattering process from first
principles. This has turned out to be quite challenging
and our contribution is only one step of more to follow.
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Appendix A: An example of a Wick contraction
Here an example of a Wick contraction is sketched in
order to illustrate how one deals with the spin compo-
nents at the source and sink. Let us consider the corre-
lation function for the first npi+ term in ONpi, ms=1/2 at
the sink and ON, ms=1/2 at the source (7)
〈n−1/2(−ex)pi+(ex)|p1/2(0)〉 = (A1)
=〈(uTΓ2d)(Γ1d)µ=2 (d¯γ5u) | (u¯Γ′1)µ′=1(d¯Γ′2u¯)〉
=〈uα(Γ2)αβdβ (Γ1d)µ d¯γ(γ5)γδuδ | (u¯Γ′1)µ′ d¯α′(Γ′2)α′β′ u¯β′〉
=− (Γ1dd¯)µγ(Γ2)αβ(Γ′2)α′β′(γ5)γδ(dd¯)βα′(uu¯)δβ′(uu¯Γ′1)αµ′
+ three contr.
=Mµµ′ + three contr. = M21 + three contr.
Among four Wick contractions one is shown as an ex-
ample: there d¯ from the pion at the sink contracts with
(Γ1d)µ from the neutron at the sink, while the remain-
ing quark lines follow a standard proton contraction. All
indices except for Dirac indices are omitted for simplicity.
The open Dirac-spinor index is µ′ = 1 at the source
and µ = 2 at the sink for this particular term, while all
other Dirac indices are summed over. The open indices µ
and µ′ can be represented in the matrix form Mµµ′ where
the element M21 is relevant for the given contraction.
Any Wick contraction in our correlation matrix can be
represented by some matrix Mµµ′ , where µ
′ = 1 (µ′ = 2)
is taken for nucleon with spin up (down) in the source,
and µ = 1 (µ = 2) for nucleon with spin up (down) in
the sink.
Appendix B: More on the effective energies
The effective energies for various choices of interpolator
and configuration sets are presented in Fig. 9.
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FIG. 9. Effective energies Eeffn (t) for various choices of interpolator sets and configuration sets, that are discussed in Section
II A. The dashed horizontal lines present non-interacting energies of N(0)pi(0)pi(0) (blue dashed) and N(1)pi(−1) (red dashed)
for the corresponding configuration sets. The fit estimates are shown as red solid curves. The highest energy levels lie near or
above 2 GeV and we refrain from fitting those since no clear plateau is observed.
